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Abstract. We study the boundedness of the H°° functional calculus for differential operators 
acting in L p (R n ; C N ) . For constant coefficients, we give simple conditions on the symbols 
implying such boundedness. For non-constant coefficients, we extend our recent results for the 
IP theory of the Kato square root problem to the more general framework of Hodge-Dirac 
operators with variable coefficients lis as treated in Z/ 2 (R";C ) by Axelsson, Keith, and 
Mcintosh. We obtain a characterization of the property that lis has a bounded H°° functional 
calculus, in terms of randomized boundedness conditions of its resolvent. This allows us to 
deduce stability under small perturbations of this functional calculus. 



1. Introduction 

A variety of problems in PDE's can be solved by establishing the boundedness, and stability 
under small perturbations, of the H°° functional calculus of certain differential operators. In par- 
ticular, Axelsson, Keith, and Mcintosh |T0] have recovered and extended the solution of the Kato 
square root problem [5] by showing that Hodge-Dirac operators with variable coefficients of the 
form n B = T + B 1 T*B 2 have a bounded H°° functional calculus in L 2 (R"; C"), when T is a homo- 
geneous first order differential operator with constant coefficients, and Bi,-Ba £ £°°(R n ; if(C w )) 
are strictly accretive multiplication operators. Recently, Auscher, Axelsson, and Mcintosh [4] have 
used related perturbation results to show the openness of some sets of well-posedness for boundary 
value problems with L? boundary data. 

In this paper, we first consider homogeneous differential operators with constant (matrix-valued) 
coefficients. For such operators the boundedness of the H°° functional calculus is established using 
Mikhlin's multiplier theorem. However, the estimates on the symbols may be difficult to check 
in practice, especially when the null spaces of the symbols are non-trivial. Here we provide a 
simple condition (invertibility of the symbols on their ranges and inclusion of their eigenvalues in 
a bisector), that gives such estimates. We then turn to operators with coefficients in L°°(R n ; C) 
of the form TIb = T + B1TB2, where T and 1 are nilpotent homogeneous first order operators with 
constant (matrix-valued) coefficients, and B\ 1 B 2 G L°°(R"; Jz? (C N )) are multiplication operators 
satisfying some LP coercivity condition. For such operators, we aim at perturbation results which 
give, in particular, the boundedness of the H 00 functional calculus when Bi,B 2 are small pertu- 
bations of constant-coefficient matrices. 



This presents two main difficulties. First of all, even in L 2 , the H°° functional calculus of a 
(bi) sectorial operator is in general not stable under small perturbations in the sense that there 
exist a self-adjoint operator D and bounded operators A with arbitrary small norm such that 
D(I + A) does not have a bounded H°° functional calculus (see [23]). Subtle functional analytic 
perturbation results exist (see [16] and [IS]), but do not give the estimates needed in [4] or [10]. To 
obtain such estimates, one needs to take advantage of the specific structure of differential operators 
using harmonic analytic methods. Then, the problem of moving from the L 2 theory to an LP the- 
ory is substantial. Indeed, the operators under consideration fall outside the Calderon-Zygmund 
class, and cannot be handled by familiar methods based on interpolation. A known substitute, 
pioneered by Blunck and Kunstmann in |12j . and developed by Auscher and Martell [2 El El [8] , 
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consists in establishing an extrapolation method adapted to the operator, which allows to extend 
results from L 2 to L p for p in a certain range (pi,P2) containing 2. In [18] we started another 
approach, which combines probabilistic tools from functional analysis with the aforementioned L 2 
methods, and allows L p results which do not rely on some L 2 counterparts. 

However, our goal in [18] was the Kato problem, and we did not reach the generality of [10] 
which has recently proven particularly useful in connection with boundary value problems [4]. 
Here we close this gap and, in fact, reach a further level of generality. Roughly speaking, for 
quite general differential operators, we show that the boundedness of the H°° functional calculus 
coincides with the R-(bi)sectoriality (see Section [2] for relevant definitions). This then allows per- 
turbation results, in contrast with the general theory of sectorial operators, where R-sectoriality 
and bounded H°° calculus are two distinct properties, and perturbation results are much more 
restricted. 

For the operators with variable coefficients, the core of the argument is contained in [18], so 
the reader might want to have a copy of this paper handy. Here we focus on the points where [18j 
needs to be modified, and develop some adaptation of the techniques to generalized Hodge-Dirac 
operators which may be of interest in other problems. To make the paper more readable, we 
choose not to work in the Banach-space valued setting of [18J, but the interested reader will soon 
realize that our proof carries over to that situation provided that, as in [18], the target space is a 
UMD space, and both the space and its dual have the RMF property. 

The paper is organized as follows. In Section 2, we recall the essential definitions. In Section 3, 
we present our setting and state the main results. In Section 4, we deal with constant coefficient 
operators and obtain appropriate estimates on their symbols. In Section 5, we use these estimates 
to establish an L p theory for operators with constant (matrix- valued) coefficients. In Section 
6, we show that a certain (Hodge) decomposition, crucial in our study, is stable under small 
perturbations. In Section 7, we give simple proofs of general operator theoretic results on the 
functional calculus of bisectorial operators. In Section 8, we prove our key results on operators 
with variable coefficients, referring to [18] when arguments are identical, and explaining how to 
modify them using the results of the preceding sections when they are not. Finally, in Section 9, 
we derive from Section 8 Lipschitz estimates for the functional calculus of these operators. 

Acknowledgments. This work advanced through visits of T.H. and P.P. at the Centre for Mathe- 
matics and its Applications at the Australian National University, and of P.P. at the University 
of Helsinki. Thanks go to these institutions for their outstanding support. The research was 
supported by the Australian Government through the Australian Research Council, and by the 
Academy of Finland through the project 114374 "Vector- valued singular integrals". 

2. Preliminaries 

Fix some numbers n, N e Z+. We consider functions u : R" -> C N , or A : R™ -> ^(C N ). 
The Euclidean norm in both R" and C^, as well as the associated operator norm in Jif(C N ), are 
denoted by | • | . To express the typical inequalities "up to a constant" we use the notation a < b to 
mean that there exists C < oo such that a < Cb, and the notation a ~ 6 to mean that a < b < a. 
The implicit constants are meant to be independent of other relevant quantities. If we want to 
mention that the constant C depends on a parameter p, we write a < p b. 

Let us briefly recall the construction of the H°° functional calculus (see [TJ [T5l [17\ HH [22 J for 
details). 

2.1. Definition. A closed operator A acting in a Banach space Y is called bisectorial with angle 
9 if its spectrum a (A) is included in a bisector: 

cr(A) C Sg := Eg U (— Eg), where 

E e := {z e C ; |arg(z)| < 9}, 
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and outside the bisector it verifies the following resolvent bounds: 

(2.2) We (9, |) BOO VAeC\SV \\X(XI - A)- l \y {Y) < C. 

We often omit the angle, and say that A is bisectorial if it is bisectorial with some angle 

0e[o,§). 

For < f < 7r/2, let iJ°°(S' ! y) be the space of bounded functions on S v , which are holomorphic 
on the interior of S u , and consider the following subspace of functions with decay at zero and 
infinity: 



H$°(S U ) := {</>Gir°(S„) : 3a, C E (0,oo) Vz6 5„ |0( z )| < C|^L_|«}. 
with angle 6* < u> < v < tt/2, and ip E H 
i>(A)u:=^r- [ ^(A)(A-A)- 1 «dA, 



1 + z 2 

For a bisectorial operator A with angle 9 < to < v < tt/2, and iji E H^°(S V ), we define 



where 55^ is directed anti-clockwise around S u . 

2.3. Definition. A bisectorial operator A with angle 9, is said to admit a bounded H°° functional 
calculus with angle 6 [fl, |) if, for each v E (/i, § ), 

3C7<^ ViPeH%°(S v ) H(A)y\\ Y <CU\U\y\\ Y . 

In this case, and if Y is reflexive, one can define a bounded operator f{A) for / € H oa (S^) by 

/(i4)«:=/(Q)P u+ limV„(A)u, 

n — >oo 

where Po denotes the projection on the null space of A corresponding to the decomposition Y = 
IM(A) © R(A), which exists for R-bisectorial operators, and (VVi)neN C H^°(S^) is a bounded 
sequence which converges locally uniformly to /. See [H [TU S3 HTJ [22] for details. 

2.4. Definition. A family of operators & C Jf(Y) is called R-bounded if for all M € N, all 

Ti, . . . , Tm & & , and all u\, . . . , um £ Y, 

A/ M 



E SkT k Uk 



Y 

k=l k=l 



Y 



where E is the expectation which is taken with respect to a sequence of independent Rademacher 
variables £k, i.e., random signs with F(ek = +1) = P(£fc = —1) = ^> 

A bisectorial operator A is called R-bisectorial with angle 9 in Y if the collection 

{X(XI-A)- 1 : A eC\S 9 >} 

is R-bounded for all 9' € (9, tt/2). The infimum of such angles # is called the angle of R- 
bisectoriality of A. 

Again, we may omit the angle and simply say that A is R-bisectorial if it is R-bisectorial with 
some angle 9 € (0,7r/2). Notice that, by a Neumann series argument, this is equivalent to the 
R-boundedness of {(/ + itA)^ 1 : t E R}. The reader unfamiliar with R-boundedness and the 
derived notions can consult [18] and the references therein. 

2.5. Remark. On subspaces of L p , 1 < p < oo, an operator with a bounded H°° functional calculus 
is R-bisectorial. The proof (stated for sectorial rather than bisectorial operators) can be found in 
[201 Theorem 5.3]. 

3. Main results 

We consider three types of operators. First, we look at differential operators of arbitrary or- 
der with constant (matrix valued) coefficients, and provide simple conditions on their Fourier 
multiplier symbols to ensure that such operators are bisectorial and, in fact, have a bounded 
H°° functional calculus. Then, we focus on first order operators with a special structure, the 
Hodge-Dirac operators, and prove that, under an additional condition on the symbols, they give 
a specific (Hodge) decomposition of LP . Finally we turn to Hodge-Dirac operators with (bounded 
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measurable) variable coefficients, and show that the boundedness of the H°° functional calculus 
is preserved under small perturbation of the coefficients. 

We work in the Lebesgue spaces L p := L P (R"; C^) with p G (1, oo), and denote by c5^(R"; C^) 
the Schwartz class of rapidly decreasing functions with values in C*, and by y'(R n ; C N ) the 
corresponding class of tempered distributions. 

3. A. General constant-coefficient operators. In this subsection, we consider kth order ho- 
mogeneous differential operators of the form 

d = (-if J2 bsdd 

0eN n :|0|=fc 

acting on J^'(R";C ) as a Fourier multiplier with symbol D(£) = Y2\e\=k De(, e , where Dg G 

3.1. Assumption. The Fourier multiplier symbol D(£) satisfies 

(Dl) K|^| fe |e| < \D(€)e\ for all (eR", all e G R(L>(£)), and some k > 0, 

(D2) there exists uj G [0, ~) such that for all ?eR": <r(D(Q) Q S u . 

In each L p , let D act on its natural domain D p (D) := {u G L p ; Du G L p }. In Theorem 15. II we 
prove: 

3.2. Theorem. Le£ 1 < p < oo. Under the assumptions (|D1|I and l|D2j) . ifte operator D is 
bisectorial in L p with angle uj, and has a bounded H°° functional calculus in L p with angle uj. 

3.3. Remark, (a) In (jD2[) . the bisector S u can be replaced by the sector S w where < uj < w. The 
operator D is then sectorial (with angle uj) and has a bounded functional calculus (with angle 
uj) in the sectorial sense, i.e. f(D) is bounded for functions / G iJ°°(£e) with any 6* G (uj,n), 

(b) Assuming that 1|D1|) holds for all e G would place us in a more classical context, in 
which proofs are substantially simpler. We insist on this weaker ellipticity condition since the 
operators we want to handle have, in general, a non-trivial null space. 

(c) Using Bourgain's version of Mikhlin's multiplier theorem [13] , the above theorem extends 
to functions with values in X N , where A is a UMD Banach space. 

3.B. Hodge-Dirac operators with constant coefficients. We now turn to first order opera- 
tors of the form 

n = r + T, 

where T = — «^Zj=i ^jdj, acts on J^'(R n ; C N ) as a Fourier multiplier with symbol 

n 
3=1 

the operator T is defined similarly, and both operators are nilpotent in the sense that T(£) 2 = 
and 1(£) 2 = for all £ G R™. 

3.4. Definition. We call II = T + r l a Hodge-Dirac operator with constant coefficients if its Fourier 
multiplier symbol II = T + T satisfies the following conditions: 

(ni) «|C||e| < ]TT(C)ej for all e e R(n(f)), all £ G R", and some k > 0, 

(n2) C for some uj G [0, |), and all £ G R", 



(113) 



N(n(0) = N(f(0)nN(1(f)) for all £ G R". 
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3.5. Remark. The "Hodge-Dirac" terminology has its origins in applications of this formalism to 
Riemannian geometry where T would be the exterior derivative d and T = d* . See [10] for details. 
Note that we are working here in a more general setting than [10], where the operator T was 
assumed to be the adjoint of T. In particular, our operator II does not need to be self-adjoint in 
L 2 (R n ; C N ). 

In each L p , we let the operators T £ {r,l,II} act on their natural domains 

D P (T) := {tieLMue L p }, 

where Tu is defined in the distributional sense. Each T is a densely defined, closed unbounded 
operator in L p with this domain. The formal nilpotence of T and 1 transfers into the operator- 
theoretic nilpotence 

Fyf)cN p (r), FyrjcN p (i). 

where R p (r), N p (T) denote the range and kernel of T as an operator on L p . 

In Section[5]we show that the identity II = T+l is also true in the sense of unbounded operators 
in L p . Moreover, in Theorem 15.51 we prove: 

3.6. Theorem. The operator II has a bounded H°° functional calculus in L p with angle u, and 
satisfies the Hodge decomposition 

u> = N p (n)eR^eiyTj. 

3.7. Remark. As in the previous subsection, the above theorem extends to functions with values 
in X , where X is a UMD Banach space. 

3.C. Hodge-Dirac operators with variable coefficients. We finally turn to Hodge-Dirac 
operators with variable coefficients. The study of such operators is motivated by [4], [10] and [18J. 

3.8. Definition. Let 1 < p < oo and p' denote the dual exponent of p. Let 

B X ,B 2 6X°°(R B ;if(C w )), 

and identify these functions with bounded multiplication operators on L p in the natural way. Also 
let II = T + 1 be a Hodge-Dirac operator. Then the operator 

(3.9) II B :=r + T B , where 1 B := B{\B 2 , 

is called a Hodge-Dirac operator with variable coefficients in L p if the following hold: 

(Bl) lB 2 Bil = on S*(R n ;C N ), 

(B2) H| p < \\B lU \\ p Vu e R P (T.) and Hp, < \\B*v\\ p , Vv £ R^(T). 

Note that the operator equality (|3,9p . involving the implicit domain condition D p (Hb) := 
D p (r) n D p (tb), was a proposition for Hodge-Dirac operators with constants coefficients, but is 
taken as the definition for Hodge-Dirac operators with variable coefficients. 

The following simple consequences will be frequently applied. Their proofs are left to the reader. 
First, the nilpotence condition (|B1[) . a priori formulated for test functions, self-improves to 

TBaSil^O on D p (T); hence R p (Tb) C N p (T B ). 

Second, the coercivity condition (|B2[) implies that 

Fy 7 !^) - B 1 R^TB~2) = SxR^T), 

and 

Bi : R p (1) — > R p (T-b) is an isomorphism. 
Sometimes, we also need to assume that the related operator Tl B = 1 + B2TB1 is a Hodge-Dirac 
operator with variable coefficients in L p , i.e. 

TB 1 B 2 r = on y(R n ;C N ), 
\Hp S \\B2u\\ p Vm 6 R p (r) and \\v\\ p , < \\B* lV \\p, Vv e R p >(T*). 
With the same proof as in [lOj Lemma 4.1], one can show: 
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3.10. Proposition. Assuming H B = T + is a Hodge-Dirac operator with variable coefficients, 
then the operators Is := B1JB2 and lg := S|t*_B* are closed, densely defined, nilpotent opera- 
tors in L p and L p repectively, and 1 g — ("Is)*. 

However, the Hodge-decomposition and resolvent bounds, which in the context of [10] (and the 
first-mentioned one even in [18]) could be established as propositions, are now properties which 
may or may not be satisfied: 

3.11. Definition. We say that n# Hodge-decomposes L p if 

lp = N p (n B )® R^f)©R p (i B ). 

3.12. Remark. We will mostly be interested in a Hodge-Dirac operator n# with the property 
that it is R-bisectorial in L p and Hodge-decomposes L p . If this property holds for two exponents 
p E {pi,P2}, then it holds for the intermediate values p G {pi,P2) as well, and hence the set of 
exponents p, for which the mentioned property is satisfied, is an interval. 

The proof that R-bisectoriality interpolates in these spaces can be found in |19| Corollary 3.9], 
where it is formulated for R-sectorial operators. As for the Hodge-decomposition, observe first 
that if a Hodge-Dirac operator is R-bisectorial in LP and Hodge-decomposes L p , then the 
projections onto the three Hodge subspaces are given by 

Po = lim(/ + t 2 n|) _1 , P r = lim t 2 TU B (L + ^Ub)^ 1 , Pq B = lim t 2r l B Il B (I + t 2 U B )~ X , 

where the limits are taken in the strong operator topology. In particular, if has these properties 
in two different LP spaces, then the corresponding Hodge subspaces have common projections, and 
one deduces the boundedness of these projection operators also in the interpolation spaces. 

The following main result concerning the operators n# gives a characterization of the bound- 
edness of their H°° functional calculus. It will be proven as Corollary 18. 121 to Theorem 18.11 

3.13. Theorem. Let 1 < p\ < P2 < 00, and let H B be a Hodge-Dirac operator with variable 
coefficients in IP which Hodge-decomposes LP for all p £ (pi,p2). Assume also that T1 B is a 
Hodge-Dirac operator with variable coefficients in L p . Then H B has a bounded H°° functional 
calculus (with angle fj.) in L P (R"; C N ) for all p £ {pi,P2) if and only if it is R-bisectorial (with 
angle \x) in L p (R";C Ar ) for all p £ {p\,p2). 

This characterization leads to perturbation results such as the following, proven in Corol- 
lary 18.161 thanks to the perturbation properties of R-bisectoriality. 

3.14. Corollary. Let 1 < p\ < P2 < 00, and let Ha be a Hodge-Dirac operator with variable 
coefficients, which is R-bisectorial in L p and Hodge-decomposes L p for all p £ {p\,p2). Then for 
each p € {pi,P2), there exists 5 = S p > such that, ifH B andIl B are Hodge-Dirac operators with 
variable coefficients, and if ||£>i — A\ + ||£>2 — A2 ||oo < thenH B has a bounded H°° functional 
calculus in L p and Hodge-decomposes L p . 

3.15. Remark. The results in this paper concerning Hodge-Dirac operators with variable coefficients 
can be extended to the Banach space valued setting, provided the target space has the so-called 
UMD and RMF properties, and also its dual has RMF. The UMD property, which passes to 
the dual automatically, is a well-known notion in the theory of Banach spaces, cf. [14]. We 
introduced the RMF property in [18] in relation with our Rademacher maximal function. It holds 
in (commutative or not) L p spaces for 1 < p < 00 and in spaces with type 2, and fails in L 1 . 
We do not know whether it holds in every UMD space. This paper, especially in Section uses 
extensively the techniques from [18]. We choose not to formulate the results in a Banach space 
valued setting to make the paper more readable, but all proofs are naturally suited to this more 
general context. 

4. Properties of the symbols 

In this section we consider the symbols of the Fourier multipliers defined in Subsections 13. Al 
and 13. Bl As a consequence of the assumptions made in these subsections, we obtain the various 
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estimates which we need in the next sections to establish an LP theory. 

In what follows, we denote A(a, b) = {z 6 C ; a < \z\ < b}. 

4.1. Lemma. Let D be a k-th order homogeneous differential operator with constant matrix coef- 
ficients, satisfying (|D1|) and (jD2j) . Then, denoting M = sup|Z)(£)|, we have that 

iei=i 

(a) a(D(0) C (S u n A( K \Z\\ M\£\ k )) U {0}, 

(b) C N = N(D(0)®R(H)), 

(c) V/ie(c,f) W-t>(t))- l \<\(\- 1 V£gR" VCGC\(^nA(i K |^| fe ,2Af|^| fc )). 

Using compactness for |£| = 1 and homogeneity for |£| ^ 1, this is a consequence of the following 
lemma. 

4.2. Lemma. Let T G _Sf (C ), k > 0, and to G [0, and suppose that 

(i) «|e| < |Te| /or oi/ e G R(T). and 

(ii) a(T) C S u . 

TTien we have that 

(a) <r(T) C (S u nA(K,\T\))U{0}, 

(b) C Ar = N(T)©R(T), 

(c) VA»e(w,f) KC-f-r) -1 ! < icr 1 vcec\(5 M nA(i«,2|r|)). 

Proof. Let us first remark that, for a non zero eigenvalue A with eigenvector e, we have that | A| |e| = 
\Te\ > «|e|. This gives (a). Moreover, (i) also gives that IM(T 2 ) = N(T). Thus, writing T in Jordan 
canonical form, we have the splitting C N = N(T) © R(T), The resolvent bounds hold on N(T). 
On R(T), the function C ^ C(C^ - T)' 1 is continuous from the closure of C \ n A(§«, 2|T|)) 
to JSf (R(T), C") and is bounded at oo, and thus is bounded on C \ (S M n A{\k, 2|T|)). □ 

Assuming (fDT)l and ((D2|) . we thus have that for all 6 G (0, § - u)) and for all £ G R", 

BOO Vt€5„ Ki + iri^orVcc") <c. 

For t e 5fl, we use the following notation: 

R T (0 := (J + ir^O)- 1 , 

A-(0 == l(RA0 + R-A0) = (L + T*mY)-\ 
QAO ■= ^(Rr(0 - R-AO) = rD(0PA0- 

If A ^ <r(.D(£)) for some £ G R™, then also A ^ cr(-D(£')) for all £' in some neighbourhood of £. 
One checks directly from the definition of the derivative that 

a 5j (A - D(O)- 1 = (A - D(0r X (d^D)(0(X D(C))- 1 - 

By induction it follows that (A — Z)(^)) _1 is actually C°° in a neighbourhood of £ for A ^ a(D(£)), 
In particular, for r G Sg, the function -R T (£) is C°° in £ G R™, and 

(4.3) = flr(?)H^D(0)Br(0. 

4.4. Proposition. Given the splitting C N = l\l(.D(£)) © R(-D(£)), i/ie complementary projections 
P|\l(£>(£)) Pr(£i(5)) — ^"-^n (£>(£)) are infinitely differentiable in R n \{0} and satisfy the Mikhlin 
multiplier conditions 

l^ P N(£tt))l l£r W . Va G N n . 

Proof. The projections P N ^^ are obtained by the Dunford-Riesz functional calculus by inte- 
grating the resolvent around a contour, which circumscribes the origin and no other point of the 
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spectrum of D(£). By Lemma |4~H for £ in a neighbourhood of the unit sphere (say § < |£| < |), 
we may choose 

p N(A(e)) = i / (a-^-Ma. 

*■ w z!7ri J aD (0,2-''- 1 K ) 

Using the smoothness of (A — Z)(£)) _1 discussed before the statement of the lemma, differentiation 
of arbitrary order in £ under the integral sign may be routinely justified. This shows that I"n(.d(£)) 
is C°° in a neighbourhood of the unit sphere. 

To complete the proof, it suffices to observe that D(t£) — t k D{^) for t G (0, oo). Hence 
and R(l)(£)), and therefore the associated projections, are invariant under the scalings £ i— > i£. It 
is a general fact that smooth functions, which are homogeneous of order zero, satisfy the Mikhlin 
multiplier conditions. Indeed, for any £ e R n \ {0} and t € (0, oo), we have 

and setting t = l^l^ 1 and using the boundedness of the continuous function 5|*P N ^^^ on the unit 
sphere, the Mikhlin estimate follows. □ 



Notice that, by ijDl) . is an isomorphism of R(£>(£)) onto itself for each £ s R" \ {0}. We 
denote by D^(£,) its inverse. 

4.5. Lemma. TTie function D^^F^d^ is smooth in R™ \ {0} and satisfies the Mikhlin-type 
multiplier cone 



^(^(OPrCAK))) Ifl-*-' ' 1 . VaeN". 
Proof. By the Dunford-Riesz functional calculus, we have 

where 7 is any path oriented counter-clockwise around the non-zero spectrum of £>(£,)■ Since 
D{r£) = r k D{^), a change of variables and Cauchy's theorem shows that m(r£) = r~ fe m(£), and 
the smoothness of m in R" \ {0} is checked as in the previous proof by differentiating under the 
integral sign. The modified Mikhlin condition follows from this in a similar way as in the previous 
proof. □ 

4.6. Proposition. Given v £ (0, 5— ui), the following Mikhlin conditions hold uniformly inr G S v : 

\d?M0\< a \C\- lal , V«eN". 

Similar estimates hold for -P r (£) and Q T {Q- 

Proof. We use induction to establish the desired bounds. For a = 0, this was proven in Lemma 
14.11 In order to make the induction step, we will need the identity 

(4.7) d?Rr= J2 (f)(d a - e Rr)(-iTdlD)R Tl a^0. 

0<:9<a ^ ' 

We use the multi-index notation as follows: the binomial coefficients are := J^J yg^J ' ^ e 

order relation 9 < a means that 6i < a« for every i = 1, . . . , n, whereas 9 ^ a means that 9 < a 
but 9 ^ a; finally, it is understood that 11 = if 6> ^ a. 

Let us prove the identity (|4.7p by induction. For |a| = 1, the formula was already established 
in (|4.3p . Assuming (|4.7p for some a ^ 0, we prove it for a + ej, where e 3 - is the jth standard unit 
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vector. Indeed, 



= \g) \ {9 a+e3 ^ 9 R T )i.-~iTdlb)R T + (d a ~ e R T )(-iTd® +ej D)R T 

0<8<a ^ ' 

+ {d a - e Rr){-lTdlb)R T {^iTd i3 b)R T 

= [E (f)+ E L " e .)](» a+e »- fl 4-)(-ir^D)A r + (a«fl r )(-ir^D)fl r 



and the proof of (|4.7p is completed by the binomial identity (g) + ( e _? e .) = ( Q ^ 6j )- Notice that 

the induction hypothesis was used twice: first to expand d^R T in the second step, and then to 
evaluate the summation over the last of the three terms in the third one. 

We then pass to the inductive proof of the assertion of the lemma. Let a ^ 0, and assume 
the claim proven for all (3 ^ a. We first consider (9|*-R r )P R( .^. By the induction assumption, we 
know that the factors d^~ 6 R T in (|4.7p satisfy 

\d^- e RAm < iei |9Ha| . 

Furthermore, 

Hrdf£>)£ T P R0) = (dlbjRri-trf))!)^^ = - J)D^F R(f>) , 

where the different factors are bounded by 

\dib\ < \r t -i\<i, idrWvr&mI < ier fc . 

Multiplying all these estimates, we get \(d^R T )¥ R ^ \ < |£| _ ' a ', as required. 
It remains to estimate (dgR^W^py We have 

(TO0) = ^(w N( fi,)- E [dlRr)d a -' 3 v Hb) 

0</3<a 

= d? p N(D)- E o(ier l ^ l )o(icr |a ^ l ) = o(ier H ), 

0</3<a 

where the O-bounds follow from the induction assumption and the Mikhlin bounds for IPn (£)(£)) 
established in Proposition 14.41 The proof is complete. □ 



4.8. Proposition. Let /z G (uj, §), and let f € H^ D (S fl ). Then f(D) is a Mikhlin multiplier, and 
more precisely its symbol /(£>)(£) = f(D(£)) satisfies, for £ 7^ 0, 

|d 5 Q /(£(£))l <„ ir H su P {|/(A)| iAgS,, i K |£| fc < |A| < 2M|£| fc }, 

where M = sup|Z)(£)| . 
I?l=i 

Proof. Pick £ By the definition of the functional calculus, we have 

(4.9) c^/p) = -L / /(0^(c - ^r 1 dc = d?f(D). 

From gJ]) one sees that d£(( - by 1 = (- 1 d^R l/c has poles at C G c(£>). By LemmaBU the 
non-zero spectrum satisfies 

0-0(0) \ {0} C{(GS,: K |£| fc < (CI < M|£| fe }- 
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Hence, for a fixed £ G R™, we may deform the integration path in l|4.9p to 

d[S e n D(0, 2M|C| fc ) \ O(0, ± K |£| fc )] U d[S e D ©(0, e)] =: 71 U 72- 
On 71, there holds |C| ~ \£,\ k , while the length of the path is also £(71) ~ Hence 

/(O^c-AO) -1 ^ 

<sup{|/(C)| :Ce5 Ai nD(0,2A/|£| fc )\©(0,i K |£| fc )} J \d«R i/c ($\l^ 

< sup{|/(A)| : A G S„ ±K\t\ k < |A| < 2M\H\ k } ■ |£|-W, 

which has a bound of the desired form. On the other hand, the integral over 72 vanishes in the 
limit as e [ 0. □ 

We shall make use of operators with the following particular symbols: 

4.10. Corollary. For t G R and 9 G N fc with \6\ = k, the symbols 

are C°° away from the origin and satisfy the Mikhlin multiplier estimates 

\df<rt(0\ <<* ler H VaeN" 

Proof. The symbols are 

where both factors are smooth in R™ \ {0}, and the first satisfies the Mikhlin multiplier condition 
by Lemma l4~5l and the second by Proposition 14.61 □ 

5. LP THEORY FOR OPERATORS WITH CONSTANT COEFFICIENTS 

In this section, we consider the Fourier multipliers in L p , which correspond to the symbols 
studied in Section [4l We denote by Rt,Pt, Qt the multiplier operators with the symbols Rt,Pt,Qt- 
We start with the operators D from Subsection 13. Al The estimates obtained in the preceding 
section give Theorem 13.21 restated here for convenience: 



5.1. Theorem. Let 1 < p < 00. Under the assumptions (|D1|) and (jD2j) . the operator D is 
bisectorial in L p with angle u>, and has a bounded H°° functional calculus in L p with angle u>. 

Proof. By the Mikhlin multiplier theorem, the bisectoriality follows from Proposition I4.6[ while 
the boundedness of the H°° functional calculus follows from Proposition 14.81 □ 



The coercivity condition (|D1[) for the symbol has the following reincarnation on the level of 
operators: 

5.2. Proposition. For all u G R p (D) ("1 D p (D), there holds u G D p (V k ), and 

IIV fe M |L< llDulL. 



Proof. For u G D P (D) n R P (D), we have (for real t) 

u t := t 2 DP t (Du) = t 2 D 2 P t u = (L - P t )u -> Pr^ju = u, t -> 00. 

The operators t 2 d e DP t , \6\ = k, are bounded on LP by Corollary I4T01 It follows that u t G D p (d e ), 
and 

\\d 8 u t \\ p = \\t 2 d $ DP t (Du)\\ p < \\Du\\ p . 
Let robea test function in the dual space. Then 

\{d e u,w)\ = \{u,d e w}\ = lim \{u t ,d 6 w)\ = lim \(d e u t ,w)\ 

t— »oc t — >oo 

<liminf ||d%|| p |M| P ' < \\Du\\ p \\w\\ pl . 

t—>oo 

Thus u G D p (d e ) and \\d e u\\ p < \\Du\\ p for all \6\ = k. □ 
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We turn to the Hodge-Dirac operators II = T + 1 which satisfy the hypotheses at the start of 
Subsection 13. B[ and note that they then satisfy the conditions on D with k = 1. In particular, 
Theorem [5J] and Proposition HT2] hold for D = II and k = 1. Moreover there is an operator version 
of the symbol condition (|II3j) : 

5.3. Lemma. There holds U P (U) = N p (T) n N p (T). 

Proof. The inclusion 3 is clear. Let U £ N p (II). Then flit = in the sense of distributions. 
It follows from Lemma [4.51 that the function T(£) := itOn^KlP^n^)) is C°° away from the 

origin. Hence, if tp E C£°(R n \ {0}), then also ipT is in the same class, and the product tpT ■ Tlu 
is well-defined and vanishes as a distribution. But 

T(on(0 - f (on^COPRcft^ftCO = r(£)P R( ft(a) = f (0 

by (jnU). Thus we have shown that iptu = ipTYlu = for every -0 £ C C °°(R™ \ {0}). This means 
that the distribution lu is at most supported at the origin, and hence Tu = P, a polynomial. But 
also Tu = —i^j-i Fjdjii = $Z" =1 dji/j, where itj = — iTjU e LP . Let s =5^(R n ) be identically 
one in a neighbourhood of the origin. Then P — Pip and hence P — P * <f>. But 

n 

P * c/>(y) = (P, <P{y - ■)> = - •)) - 

as \y\ — > oo (using just the fact that Uj € LP and £ i p ), and a polynomial with this property 
must vanish identically. This shows that Tu = P = 0, and then also = IIu — Tu = 0. □ 

This then implies: 

5.4. Proposition. Tfte operator identity U = T + T fto/rfs m L p , in £/ie sense £fta£ D p (II) = 
D p (T) n D P (T) anrf Tlu = Tu + for all u G D p (n). 

Proof. It is clear that D p (r) n D p (t) C D p (II). Since II is bisectorial in LP ', there is the topological 
decomposition L p = N P (II) Rp(II). Write u € D P (II) as u — uq + Ui in this decomposition. 
Then u e N p (n) = N p (T) n N P (T), and u x = u - u e D p (II) n R p (n). By Proposition K2\ 
mi G D p (V) C D p (r) n D P (T), Thus also D p (II) C D p (r) n D P (T), The coincidende of Tlu and 
Tu + In is clear from the distributional definition. □ 

We are ready to prove Theorem 13.61 restated here: 

5.5. Theorem. Let II be a Hodge-Dirac operator with constant coefficients, and let 1 < p < oo. 
Then the operator II has a bounded H°° functional calculus in LP with angle u>, and satisfies the 
following Hodge decomposition 

where R p (II) = R p (T) © R P (T). 

Proof. The fact that II is a bisectorial operator with a bounded H°° functional calculus is a 
particular case of Theorem [321 The bisectoriality already implies the decomposition LP = N p (II)© 
R p (II), which we now want to refine. 

We first check that R p (n) C R p (T) + R p ( r I). If u 6 R p (II), then u = linijWoo ^tyj for some 
Vi G D p (n) n R p (n) C D P (V). Then ||r( W - y k )\\ P < \\ V( yj - y k )\\ P < Mvj - yk)\\ P -» (using 
Proposition I5.2|l . and hence Tyj converges to some v G R p (r) with \\v\\ p < \\u\\p- Similarly, It/j 
converges to w £ Rp(T), and u — v + w E R P (T) + Rp(1). 

Next we show that R p (r) C R p (n). Indeed, R p (P) = T(D p (r)) = T(D p (r) n R p (n)) (by the 
decomposition in the first paragraph and Lemma I5.3[) C L(D p (r) n (R P (r) + R P (T))) (by the 
previous paragraph) = T(D p (r) n R p ( r I)) (because T is nilpotent) = II(D p (II) n Rp(T)) (because 1 
is nilpotent) C R p (II). Therefore R P (T) Q Rp(n). In a similar way, we see that R P (T) Q Rp(n). 
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On combining these two results with that in the preceding paragraph, we obtain R p (r) + R p (l) 



Rp(II). To show that the sum is direct, observe that 



Rp(r) n R p (i) c R p (n) n N p (r) n n p (i) = R p (n) n N p (n) = {0} 



by nilpotence, Lemma [531 and the decomposition L p = N p (II) © R p (n). □ 

We conclude this section with an analogue, in our matrix-valued context, of Bourgain's [13] 
Lemma 10]. It is an important property of Hodge-Dirac operators with constant coefficients which 
we use to study Hodge-Dirac operators with variable coefficients in Section [8] 

5.6. Proposition. For all z £ R", there holds 

E \\y2 £ kT 2 k z Q2kU < (1 +log+ M)IM|p- 
" k P 

where t z denotes the translation operator t z u(x) := u(x — z). 

Proof. Let us fix a test function ip € ^(R n ) such that lafo^- 1 ) < f < 1b(o,i)j an d write ip(£) '■= 
tp(£) - <p(2£), V>m(0 := ^(2- m 0i and Pm(0 == <f(2~ m for m € Z+. Let $ m and tf m , m € Z, 
be the corresponding Fourier multiplier operators with symbols ip m and i/'m- Then we have 
the partition of unity ipk + Em=i V'fc+m = lj an d the corresponding operator identity + 
Em=i *m+fe = J for all fc e Z. 

Since the support of the Fourier transform of Q 2 fc ^m-fc is contained in 1(0, 2 m ~ k ), by Bour gam s 
[13] Lemma 10], there holds 



(5.7) Ell V £l T 2i2 fe* m _ t! i < (l + log + (2 m |z|))E|| V)e fc Q 2 ** 

II r> II 



-kU 



The same reasoning applies with <f> in place of \&. 

We now estimate the right side of l|5.7p as a Fourier multiplier transformation. The symbol of 
the operator acting on u is given by 

*(0 = E e fc /(2' £ n(0)^(2 fc - m C), /(r) = r(l + r 2 )- 1 . 
For every a 6 {0, 1}", a computation shows that 

9Q(T (0 = E £fc E a /3 /(2 fe n(0)(a a - /3 ^)(2 fc - m 02 (fc - m)|Q -' 31 . 

By the support property of ip, the series in k reduces to at most two non- vanishing terms for which 
2 m |£| ~ 1. By Proposition 14.81 there moreover holds 



(5-8) 1^/(2*%))! < ; , 2 ICi 



2 fc iei 

1 + (2*|£|)' 
which shows that, for m 6 Z+, 

1^(01 <2- m ier w - 

Hence the associated Fourier multiplier is bounded with norm < 2~ m . 

A similar computation can be made with in place of ^ m -fc, but the estimation of the 
symbol then involves an infinite series of terms: 

I^MAI < E El 5/3 /( 2& n(0)ll(a Q -^)(2 fc O|2 fc|Q - /31 

P<a k 

e 2 fc(i+|a ~' 3|) i^i 1 " 1 ' 31 < icr H , 

/3<a fc:|2 fc £|<l 

where (|5.8j) was used again in the second estimate. We conclude that the operator acting on u in 
(|5.7p . with in place of ^m-fc, is also bounded. 
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Collecting all the estimates, we have shown that 

E } 6kT 2 k z Q2ku\\ 

oo 

< (1 + log + |z|) Ve fc Q 2fc $_ fe -u + VVm + log + \z\) VetfeVti 

II * 4 p * ' II ^ ' 

k m=l k 

oo 

< (nmx{l, m} + log + \z\)2- m \\u\\ p < (1 + log + \z\)\\u\\ p , 

which is the asserted bound. □ 

6. Properties of Hodge decompositions 

In this section, we collect various results concerning the Hodge decomposition. These include 
duality results, a relation of the Hodge decompositions of the operator n B and its variant n B , 
and finally some stability properties of the Hodge decomposition under small perturbations of the 
coefficient matrices B\ and B 2 . These will be needed in proving the stability of the functional 
calculus of the Hodge-Dirac operators under small perturbations later on. 

6.1. Lemma. Let 1 < p < oo and let Hb be a Hodge-Dirac operator with variable coefficients in 
LP. The following assertions are equivalent: 

(1) TIb Hodge- decomposes L p . 



(2) 



LP = N p (r) © Rpflfl), 
LP = N p (l B ) © R p (r). 



Proof. © (2j). We first show that N p (n B ) = N p (T) n N P (T S ). If u G N p (n B ) then Tu = 
-T-bu G R p (r) n R P (T S ) = {0}. It follows that N p (n B ) © R P (r) C N p (r). Also N p (r)nR p (T B ) c 
N p (n B ) n Rp(Ts) = {0}. Hence N p (n B ) © R p (r) = N P (T), and thus LP = N P {T) © R P (T B ). The 
second part of is similarly proven. 

(|2 )l fl jl . By (f2|, u <E L p can be decomposed as u — vq + v± + u\ where vq + v\ G N p (T), 

v G N p (Tb), vi G R P (r), andui G R p (Tb)- Thenn B i;o = r(u +«i-fi) = 0, and ||uo|| P + |K||p ~ 
||wo + wi|| p < \\u\\ p . Moreover 



N p (n s ) n Rp(r) c Np(i B ) n R p (r) = {o}, 



N p (n s ) n r p (t s ) c N p (r) n r p (i b ) - {o}, 



Rp(i B ) n R p (r) c N p (r) n r p (t b ) = {o}. 

The proof is complete. □ 
6.2. Lemma. Let Dq and D\ be closed, densely defined operators in L p . Then 



L p = N p (D ) © R p (£>i) if and only if L p = N p / (£>*)© R P ' (D%). 
Proof. Assuming the first decomposition, we have that 

LP' = R^Dl) X ffi N P (£> ) X = N p ,(Dl)®R p ,(DZ). 
The other implication follows by symmetry. □ 

6.3. Lemma. Let TIb be a Hodge-Dirac operator with variable coefficients in L p which Hodge 
decomposes L p . Then Tl B is a Hodge-Dirac operator with variable coefficients in L p which Hodge 
decomposes L p . 

Proof. We have to show that B* = (Bl,B 2 ) satisfy (|B2|1 in LP . Let us remark that B\ is an 
isomorphism from R p (T) onto R p (tb). By Lemma l6TT| this means that B\ is an isomorphism from 
Rp( r I) onto L p /Np(r), and thus B* is an isomorphism from R p <(r*) onto L p /N p i(1*). This gives 
the part of the result concerning £?* thanks to Lemma 1631 The case of B 2 is handled in the same 
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way. Condition <|B1[) is obtained by duality, and the proof is concluded by applying Lemma 16.11 
and Lemma [621 D 



Recall that U_ B := 1 + B 2 TB 1 . 

6.4. Lemma. Let 1 < p < oo and suppose that TIb andTl B are both Hodge-Dirac operator with 
variable coefficients in L p , and that TIb Hodge-decomposes L p . Then TIb also Hodge-decomposes 
L p . If, moreover, TIb is an R-bisectorial operator in L p , then so is T1 B . 

Proof. By Lemmas 16.11 and 16. 2\ the assumption that Tl B Hodge-decomposes L p is equivalent to 
(6.5) L p = N p (r)eW LP ' = N P ,(T*)®R P '(T B ), 

whereas the claim that n B Hodge-decomposes L p is equivalent to 
(6.6) 



L p = N p (B 2 rBi) © R p (l), 27 = Np/(Bjr*Bj) © R P >(T). 
We show that the first decomposition in l|6.5p implies the first one in l|6.6p . Let u G L p and 



write B\u = v + w where v G Np(r) and w G R p (Tb). Let u> 
tt-ie N p (B 2 rBi) and 



B x x for x G R P (T). Then 



Hp < \\Bxx\\ v = \\w\\ p < \\B lU \\ p < \\u\\ p . 
The deduction of the second decomposition in (|6,6p from the second one in l|6.5p is analogous. 



We now turn to the second statement. Let us denote by Pj the projection on R p (T), by P 2 the 
projection on R p (B 2 ri?i), by Pi the projection on R p (r), and by P 2 the projection on R p (i?ili3 2 ). 
Let (tfe)fegN C R and (itfc)fceN C L p , and remark first that 

(I + itkUs)- 1 =1- (t k U B ) 2 (I + (tkUs) 2 )- 1 - it k U B (I + (tkUg) 2 )- 1 . 

The R-bisectoriality of U_ B will thus follow once we have proven that 



(6.7) 



£kUk 



and 



(6.8) 



^e fc (i fc n B ) 2 (/ + (i fe n 



B ) 2 ) l u k 



< 



E llE 



SkUk 



To do so we note that, since TIb and Tl B are Hodge-Dirac operators with variable coefficients, 
we have: 

TB 1 {I + (hUg) 2 )- 1 ^ = r(j + (tkUs) 2 )-^^, 
%I + (t k U B ) 2 )- 1 B 2 F 1 = TB 2 (7 + (tkUgfr^i- 

We can now proceed with the estimates, using the R-bisectoriality of TIb- 

e|| V Skit k Tl B (I + (tkttsj 2 )- 1 ^ = Ell V e k it k B 2 TB x {I + {tkRefy^Uk 

II — r> II — 

fe F fc 

= E|| ^ e k it k B 2 T(I + {tkUBf^Bx^Uk 

k 

= Ell ^ e k it k B 2 U B (I + (tkU B ) 2 )- l B{PiU k 
fe 

^Ell^e^P^fc <e||^ 
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Introducing v k such that B 2 ¥iv k = P 2 u k , we also get: 

e|| £kit k n B {i + {tkiig) 2 )- 1 ^ = e|| ckit k %i + {t k n B ) 2 )- 1 B 2 p 1 v k 



k 

= E|| tkitk'lBzil + {t h U. B ) 2 )- l Viv k 

k 

< e|| ^ e fe ^n B (7 + (tfcnj,) 2 )- 1 ?!^ 



< 



E||^£ fc P 



The estimate l|6.8p is proven in the same way. □ 

6.9. Lemma. If a Banach space splits as X = Xq © X% = VqX © PiX , then there is 6 > such 
that for all T G if(JCi, JC) tuitfi ||T|| < (5, ti also sptts as X = X © (7 - T)X X = P X © P X A", 
rata ||P - Poll + ||Pi -Pi|| < S. 

Proof. For 5 := n , 7 — TPi is invertible. Let U := (I — TPi) -1 , and observe the identity 

U = /+J7TP 1 . 

Define the operators 

P := P t/, Pi := (7 - TPi)Pi?7. 
Then R(P ) = X , R(Pi) = (7 - T)X U and 

P + Pi = (7 - Pi + (7 - TPi)Pi)[/ = (7 - T¥i)U = I. 
It remains to show that Po (and then also Pi) is a projection. This follows from 

P P = PqUPqU = P (7 + UTP^FqU = F Q U = P , 

where we used PiP = and Pg = 7. 

Since P - P = PqUTP^ Pi - Pi = PiLTPi -TPxU, and ||J7|| < 2, we also have that 

||p -Po|| + ||Pi-Pi|| <s. a 

6.10. Proposition. Let p £ (l,oo), and Ha be a Hodge-Dirac operator with variable coefficients 
in L p which Hodge-decomposes L p . There exists S > such that, ifTL B is another Hodge-Dirac 
operator with variable coefficients in L p with \\B\ — Ai||oo + ||7? 2 — ^4 2 ||oo < S, then H B Hodge- 
decomposes L p . Moreover, the associated Hodge-projections satisfy 

||P£ - P B || + ||p£ - P*|| + ||P^ - Pf B || < S. 

Proof. Consider the condition (|6.5p equivalent to the Hodge-decomposition. Let us define T\ G 
Jf(R p (1 A ), LP) by TiAxlu := (Ai - Bi)1u which, by (|B2]L gives a well-defined operator of norm 

||Ti|| < 5, and we have Bxl = (7- T^Axl. 

On the dual side, we define % G JSf(Ry (%), W') by f 2 A* 2 Tv = {A* 2 - B^flv, which is 
similarly well-defined and satisfies ||f 2 || < 5. Let then T 2 := {f 2 W>i* A )* G Jz?(7 p ), where Pq^ 
is the projection in L p associated to the decomposition in (|6.5p . By duality, it follows that 
R P (B 2 -A 2 (L-T 2 ))C N P (T), which means that TB 2 = 1A 2 (7 - T 2 ). Since the operators 7 - T 2 
and 7 — 7\Pq A are invertible for <5 small enough, we then have that 



R(T B ) = R((7 - Ti)%i(J - T 2 )) = (7 - Ti)R(l A ). 



Similar ly, with B^T = (7 - T 3 )^T and T*5J = T*A 1 (7 - T 4 ), there holds R(l^) = (7 - 
T 3 )R(T^). Hence the claim follows from two applications of Lemma \6M with (X ,Xi,T) = 
(N p (r),R(Tl),Ti) and {X 0l X u T) = (N p , (T*),R(T A ),T 3 ) □ 



By (|B2|) . the restriction Ai : R p (Tj — > R p (Xi) is an isomorphism, and we denote by ^ 1 its 
inverse. Thus the operator A^ 1 Pq A is well-defined. We shall also need to perturb such operators: 
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6.11. Corollary. Under the assumptions of Proposition W7W[ there also holds 

HV< - sr x pf s ii < s. 

Proof. We use the same notation as in the proof of Proposition 16 . 101 and observe from the identity 
B{\ = (I - Ti)Ai1 that / - Ti : R p (rL A ) -> B 1 R^T), and 

(6.12) s 1 - 1 (/-t 1 )p^=aj: 1 p^. 

We further recall from the proof of Lemma 16.91 that the projection F B g related to the splitting 
LP = N p (r) © Rp(1 B ), where R p (1 B ) = {I - Ti)R p (l A ), is given by 

Pf B =(I-T 1 )F* A (I-T 1 P* A y 1 . 

Combining this with (|6. 12|) shows that 

B^ 1 F% B =A[ 1 F$ A (I-T 1 V$ A )- 1 

= A?F* A - (A^JT^I - Ti^J- 1 , 

which proves the claim, since the second term contains the factor T\ of norm ||Ti|| < 5. □ 

7. Functional calculus 

In this section we collect some general facts about the functional calculus of bisectorial operators 
in reflexive Banach spaces. We provide, in the context of the discrete randomized quadratic 
estimates required in [18], versions of results originally obtained in [15]. Lemma I7TT1 can be seen as 
a discrete Calderon reproducing formula, and Lemma P7721 as a Schur estimate, while Propositions 
1 7. 31 and [731 express the fundamental link between functional calculus and square function estimates. 
Such results are not new, and have been developed from [15] by various authors, most notably 
Kalton and Weis (cf. [20J). Here we hope, however, to provide simpler versions of both the 
statements and the proofs of these facts. 

Let A denote a bisectorial operator in a reflexive Banach space, with angle u>, and let 9 £ (w, f ). 
We use the following notations. 

r{A) = (I + iA)-\ p(A)=r(A)r(-A) = (I + A 2 )- 1 , q(A) = Ur{A) - r(-A)) A 



2 y y ' y " I + A 2 ' 

7.1. Lemma. The following series converges in the strong operator topology: 

fcez 

Proof. Observe first that p(tA) — > P|\i(.4) as t — * oo and p(tA) — > / as t — > 0. Hence 

k 

= YjP& k A)[{I + 2 2 < fe+1 U 2 ) - (/+ 2 2k A 2 )]p{2 k+1 A) 

k 

= ^p(2 fe ^)(2M)(2 fc +M)p(2 fc +U) = |^g(2M)g(2 fc+ U), 

k k 

as we wanted to show. □ 

7.2. Lemma. Let A be R-bisectorial and let rj(x) := min{a;, l/x}(l + logmaxjx, 1/x}). Then the 
set 

{f 1 {s/t)- 1 q{tA)}{A)q{sA) : t, s > 0; / G H%°(S e ), ||/|U < 1} 

is R-bounded. 
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Proof. Denoting (ft (A) := q(t\), observe that 

q(tA)f(A)q(sA) = (q t -f-q s )(A) 



1 

2iri 



(qJqsKXKl-lA)- 1 ^, 



where 7 denotes dSg>, for some 6' G (0, f ), parameterized by arclength and directed anti- 
clockwise around Sg, and the resolvents (/ — A -1 ^) -1 belong to an i?-bounded set. The operators 
q(tA)f(A)q(sA) are hence in a dilation of the absolute convex hull of this -R-bounded set (see [H] 
for information on R-boundedness techniques). To evaluate the dilation factor, observe that 

S |A| i|A| 



\qtfq a W\ 



< 



l + (.s|A|) 2 l + (i|A|) 2 ' 

and splitting the integral into three regions (depending on the position of |A| with respect to 
\, i) and max(i, ±) 



min(|, i) and max(i |)) it follows that 



\ltfq s (X)\ 



|dA| 



< 



\f\\ooV(s/t), 



which implies the asserted i?-bound. 



□ 



7.3. Proposition. Let A be R-bisectorial (with angle fx) and satisfy the two-sided quadratic esti- 
mate 



(7.4) 



E\\^2e k q{2 k A)u , u G R(A) 



Then A has a bounded H°° functional calculus (with angle [i). 



Proof. Suppose COQ) holds. Let u G R{A), 6 G {ji, §), and / G H°°(S g ). Then 
\\f(A)u\\ <dj2 £ kq(2 k A)f(A)u\ 



~ E| e k q(2 k A)f(A) £ q (VA)q(V +1 A)i 

k j 

< J2 E \\ ^£fc'?(2' £ ^)/(»4)g(2' £+m ^) (? (2' £+m+ U)? 

m k 

<Yv( 2m )\\f\\oo\\j2 £ M( 2k+m+lA > 
m k 

<X)( 1 + H) 2 " H H/IUII«II^II/IUII«II. 

m 

where we used < from l|7.4p . Lemma 17.14 the triangle inequality after relabelling j = k + m, 
Lemma EH and > from |7l4| . □ 

We also use the following variant. 

7.5. Proposition. Let A be R-bisectorial (with angle fi) and satisfy the two quadratic estimates 

e|| Ve fc g(2*/4)u <\\u\\ x , ueX, 



(7.6) 



E||5^e fcg (2M*) 



x* 



<\\v\\ x ,, vex* 



Then A has a bounded H°° functional calculus (with angle (jl). 
Proof. Let u G X, v G X* , 9 G (m, f ), and / G H°°{S e ). Then 

\(f(A)u,v)\ < Y \(q(2 k A)f(A)u,q(2 k+1 A*)v)\ 

k 

<E\\Y / ^q(2 k A)f(A)u E|5^e fc g(2M> m < e\\ £ e k q(2 k A)f(A)u \\v\\ x 
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The proof is then concluded as in Proposition 17.31 



□ 



8. L p THEORY FOR OPERATORS WITH VARIABLE COEFFICIENTS 

In this section, we give the proofs of the results stated in Subsection 13. Q and some variations. 
The core result, Theorem 18. 1\ is a generalization of [HI Theorem 3.1]. The key ingredients of the 
proof are contained in [18] . Here we indicate where [18] needs to be modified, using the results 
from the preceding sections. Let us recall that II denotes an Hodge-Dirac operator with constant 
coefficients as defined in Definition [331 an d that lis denotes a Hodge-Dirac operator with variable 
coefficients as defined in Definition 13.81 We also use the following notation. 



R B := (I + ztUB)- 1 =r(tU B ), 

pf-.= {i + fuly 1 =p(tIl B ), 

Qf :=tU B P t B =q(tU B ), 
and denote by Rt, Pt,Qt the corresponding functions of II. 

8.1. Theorem. Let 1 < p\ < p 2 < oo, and let H B be an R-bisectorial Hodge-Dirac operator with 
variable coefficients in L p which Hodge- decomposes L p for all p G (pi,p 2 ). Then 



(8.2) 



B 7/ 



< 



u G Rp(T), 



N 



(8.3) e\\Y e k (Q B k )*v <\\v\\p,, v&R p ,(T*). 

Proof. We first prove <|8 . 2(1 . Let us recall the following notation from [18]. Let 

A:= (J A 2fc , A 2 . := |2 fe ([0,l)" + m) :mG Z"}. 
fcez 

denote a system of dyadic cubes, and 

A 2 ku{x) := (u)q := jj^J u{y) dy, x G Q G A 2 k. 

be the corresponding conditional expectation projections. Let 

(8.4) 7a»(a:)w:=Qf»(iu)(a;) := ^ Q B k {wl Q ){x), x G R", w G C 

QeA 2fc 

denote the principal part of , which we also identify with the corresponding pointwise multi- 
plication operator. 

The proof of (|8.2j) now divides into the following four estimates: 

(8.5) e|| Ve4(/-P 2 ')« <\\u\\ p , u g R p (r). 

(8.6) Ell Ve fc (Qf fc - 72 ,A 2fc )P 2fc u <||u|| p , u G R P (T). 

" k p 

(8.7) E||^e fe72fc A 2fc (/-P 2fc )M <H|p, u g R p (r). 



(8.8) 



E ^e fe 7 2 f=A 2fc u < h e R P (I). 



Inequality Q8.5J1 follows from the fact that H B Hodge-decomposes L p , and from the R-bisectorial- 
ity of U B : as in [TH] Lemma 6.3], denoting by Pi B the projection onto R p (Tb) in the Hodge- 
decomposition, we have 



Q B k (I - P 2k )u = (I- P B )F^ B Q 2k u, u g R p (r), 
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and 
(8.9) 



E||5^e fc (/-P^)P lB Qa»i 



< 



y^£ fc Q 2fc u 



< 



where the last inequality follows from Theorem 13.61 

To prove (|8.6|1 and l|8.7jl we first note that commutators of the form [77/, T) are multiplication 
operators by an L°° function bounded by ||Vr/||oo- Then the R-bisectoriality of Lis and [HI 
Proposition 6.4] give the following off-diagonal R-bounds: for every M £ N, every Borel subsets 
Ek, -Fit C R", every Uk G L p , and every (ifc)fcgz Q {2 J '}jez such that dist(_Efc, Fk)/tk > Q for some 
q > and all fc G Z, there holds 



(8.10) 



Y,Zkl Ek Q? k lF k u k < (l + g)- M E\\j2^l Fk 



This, in turn, gives that the family {j2 k ^-2 k )k£Z is R-bounded exactly as in [TBI Lemma 6.5]. 

Now let us prove (|8.6p . This is similar to |18[ Lemma 6.6] but, since a few modifications need 
to be made, we include the proof. Letting Vk = P2 kU , and using the off-diagonal R-bounds, we 
have: 



A,- 



1.11) 



- E E E £fc E 1 QQ§<( 1 Q-2'-m( v k ~ (Wfc)g)) 



meZ" fc QeA 2fc 

< J2 a + \™\r M E\\J2 £k E m^-^wj 

meZ" fc QeA 2fc 

A version of Poincare's inequality [181 Proposition 4.1] allows to majorize the last factor by 



J\-l,l]nJ0 H , 



dtdz. 



We then use Propositions 15.21 and 15.61 to estimate this term by 

(i + H)(i + io g+ H)|M| p , 

and the proof is thus completed by picking M large enough. 

To prove (|8.7|) . we first use the R-boundedness of {^ 2 k ^-2 k ) an d the idempotence of A 2 k. We 
thus have to show that 



E \\^2e k A 2h (I - P 2k )u 



< 



u g R p (r). 



This is essentially like [18, Proposition 5.5]. We indicate the beginning of the argument, where 
the operator-theoretic Lemma [7.11 replaces a Fourier multiplier trick used in [18]. Indeed, with 
u £ Rp(P) C Rp(II), we have 

e|| tkA 2 k (i - p 2 *)uj ~ e|| £ kA 2k (i - p 2 E QvQw 

fc P k j 

m fc 

Thanks to the second estimate in l|8.9p . it suffices to show that the operator family 

{A 2k {I - P 2 *)Q 2 k+m :fceZ} CJ^(L P ) 

is R-bounded with R-bound C2~ s \ m \ for some 8 > 0. This is done by repeating the argument of 
[TSl Proposition 5.5]. 
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Finally, the proof of l|8.8p is done exactly as in [TBI Theorem 8.2 and Proposition 9.1]. Notice 
that this last part is the only place where we need the assumptions for p in an open interval 
(Pi;P2); all the other estimates work for a fixed value of p. 

This completes the proof of l|8.2p . 

Let us turn our attention to (|8.3p . By Lemma l6~3l we have that n B * = T* + B 2 *T_*Bi* is 
a Hodge-Dirac operator with variable coefficients in L p which Hodge-decomposes L p . It is also 
R-bisectorial, as this property is preserved under duality (see [20| Lemma 3.1]). So the proof of 
lpT2|) adapts to give the quadratic estimate p3| involving (Qf )* = tU B *(I + (ffls*) 2 )" 1 . □ 



We now prove Theorem 13.131 as a corollary. 

8.12. Corollary. Let 1 < p\ < P2 < oo, fx G (lo,tt/2), and let Hb be a Hodge-Dirac operator with 
variable coefficients in L p which Hodge-decomposes L p for all p G (pi,P2)- Assume also that]I B 
is a Hodge-Dirac operator with variable coefficients in L p . Then lis has a bounded H°° functional 
calculus (with angle \i) in L p (R n ; C ) for all p G (pi,f>2) if and only if it is R-bisectorial (with 
•le n) in L p (R n ;C N ) for all p G (pi,p 2 ). 



Proof. The fact that a bounded H°° functional calculus implies R-bisectoriality is a general 
property (see Remark l2.5p . To prove the other direction, assume that Ub is R-bisectorial on 
L p (R n ; C N ) for all p € (pi,p 2 ). By TheoremEUJ we have that 



5.13) 



< 



u g Rp(T). 



Moreover, since n B also satisfies the assumptions of Theorem 18.11 (using Lemma f6 . 4 1) . we have 
that 



(8.14) 



E||^e fc 2 fc n B (/+(2 fc n B ) 2 )- 1 U 



< 



u g R p (l). 



For u G R p (T), there holds 

2 fc n B (/+ (2 fe n B ) 2 )- 1 M = 2 k B 2 TB 1 (I+ {2 k U B f)- 1 u 
= 2 k B 2 T{I + {2 k W B ) 2 y 1 B 1 u = 2 k B 2 U B (I + {2 k n B ) 2 y 1 B lU . 

Thus by jB2t , the estimate (|8.14p implies 

(8.15) E|^e fc Qf fc u <\\u\\ p , u G R P (1 B ). 



Combining (|8. 13|) and (|8.15[) with the Hodge-decomposition and the obvious fact that Q B h anni- 
hilates IM p (n B ), we arrive at 



E||5^e fc Qf»i 



< 



|[«||p, 



u G L p . 



In the same way, one gets the dual estimate 



< 



ueL p , 



where p' denotes the conjugate exponent of p. The functional calculus then follows from Proposi- 
tion O □ 



8.16. Corollary. Let 1 < p\ < p 2 < oo, and let Ha be a Hodge-Dirac operator with variable 
coefficients, which is R-bisectorial in L p and Hodge-decomposes L p for all p G (pi,p 2 ). Then for 
each p G (pi,p 2 ), there exists S = S p > such that, ifH B andY\_ B are Hodge-Dirac operators with 
variable coefficients such that \\B\ — Ai||oo + \\B 2 — A2H00 < 8, then Hb has an H°° functional 
calculus in L p and Hodge-decomposes L p . 
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Proof. Let p £ (pi,P2)- By Proposition 16.101 we have that, for S small enough, n B Hodge- 
decomposes L p . We need to show that lis is R-bisectorial in L p provided S is sufficiently small. 
As in the proof of Proposition [6TT01 let T\ £ j£?(Rp(Xi), L p ) and T 2 £ J£{L P ) be operators of norm 
||T,|| < 5 such that 

B 1 r l = {I-T 1 )A 1 % 1B 2 =X4 2 (J-T 2 ). 

Then 

n B = r + b{\b 2 = r + (/ - r x )Ai ta 2 (j - t 2 ) = (/ - TiP^jn^/ - p r T 2 ), 

where Pr and Pq A are the Hodge-projections associated to n^, onto R p (r) and R p (Xi)) respec- 
tively. Hence 

I + ittt B = (J - TiPqJ(/ + itU A )(I - P r T 2 ) + (7\P Xl + P r T 2 ) 
= (/ - TiBiJ(I + - PrT 2 ) 

x [7 + (7 - PrTa)-^/ + i ffl A )- 1 (7 - TiP-iJ-^TiP^ + P r T 2 )], 

where the inverses involving Tj exist for <5 small enough. Hence (I + itHs)^ 1 can be expressed 
as a Neumann series involving powers of the operators (I + UHa) -1 , which are R-bounded by 
assumption, times powers of fixed bounded operators, including TiPq A +PrT 2 which has norm at 
most CS, For 6 small enough, the R-boundedness of (I + UHb) follows from this representation. 

Given e £ (p — Pi,P2 — p) we thus have that there exists 5 PiS such that Hb is R-bisectorial in 
L p ~ e and in L p+£ , and Hodge decomposes L p ~ £ and L p+e . By interpolation (cf. Remark T3. 12 j) . 
Ub is R-bisectorial in L p and Hodge decomposes LP for all p £ (p — e,p + e). 

Now the conditions of Corollary l8.12l are verified for the operators Hb and n B , so the mentioned 
result implies that has a bounded H°° functional calculus in L p , as claimed. □ 

With potential applications to boundary value problems in mind (see [4]), we conclude this 
section with the following special case. This proof is essentially the same as in the L 2 case [10] 
Theorem 3.1]. 

8.17. Corollary. Let 1 < p\ < p 2 < oo. Let D = Ej"=i -^i^i be a fi rs ^ order differential 
operator with Dj £ &{C N ) } and A £ 7°°(R"; ££ (C N j) be such that 

ICIM < \D(£)e\ for all e £ R(Z?(0)> and 
(HI) . 7T 

Q for some oj £ (0, — ) and all £ £ R™, 

(H2) ||tt|| p < \\Au\\ p for all u £ R p (D), 

(H3) \\u\\ p , < \\A*u\\ p > for all u £ R P >{D*), 

for all p £ (pi,p 2 ). Then we have the following: 

(1) The operator DA has an H°° functional calculus (with angle fx) in L p for all p £ {p\,p 2 ) 
if and only if it is R-bisectorial (with angle fi) in L p for all p £ (pi,p 2 ). 

(2) If the equivalent conditions of (1) hold, then for each p £ (p\,p 2 ), there exists 6 — S p > 
such that, if another A £ L°°(R n ; S£ (C*)) satisfies \\A — AW^ < S, then DA also has an 
H°° functional calculus in L p . 

Proof. ([1]) The philosophy of the proof is to reduce the consideration of an operator of the form 
DA to the Hodge-Dirac operator with variable coefficients n^, which we already understand from 
the previous results. On C N © C N , consider the matrices 

We define the associated differential operators T, 1 and II acting in L p := L P (R"; C N © C N ) as 
in Subsections I3.B1 and the operators 

(0 ADA\ _ ( D\ 
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/(Hi 



as in Subsection 13. CI 

We claim that both TIb and n B are then Hodge-Dirac operators with variable coefficients in 
LP which Hodge-decompose LP for all p G (pi,p2). Indeed, the hypotheses (|H1[) . (|H2|) and (|H3|1 
guarantee the conditions l|ni[) . (|II2p and l|B2|l , The remaining requirements (|n3|) and jBlJ, as 
well as the Hodge decomposition (see [TBI Lemma 3.5]), are satisfied because of the special form 
of II;,-. 

A computation shows that 

it ■ ,tt s_i _ // \ f L N 

(J + »tn fl ) L ){o (L + t^DA) 2 )- 1 ) \-itD Lj 

Assuming that DA is R-bisectorial, we check that so is LTs. This amounts to verifying the R- 
boundedness of the families of operators 

(L + t 2 (DA) 2 )-\ -itADA(L + t 2 (DA) 2 )- 1 , -it(L + t 2 {DA) 2 y 1 D, 

where t G R. For the first two, this is immediate from the R-bisectoriality of DA and the 
boundedness of A. For the third one, we need the stability of R-boundedness in the LP spaces 
under adjoints, and hypothesis (|H3|) which allows to reduce the adjoint —UD*(L + t 2 (A* D*) 2 )^ 1 
to a function of (DA)* = A*D* by composing with A* from the left. 

Thus, by Corollary 18. 12| TIb has an H°° functional calculus on L p for all p G (pi,P2)- But the 
resolvent formula above also gives 

r Au\ _ (Af{DA)v> 
u ) ~ \ f(DA)u 

for / G H^°(Sg) and u G L p , and hence we find that DA has an H°° functional calculus, too. 
This completes the proof that the R-bisectoriality of DA implies functional calculus. The converse 
direction is a general property of the functional calculus in LP (see Remark I2.5[i . 

(121) We turn to the second part and assume that DA is R-bisectorial. We first note that A also 
satisfies the hypotheses (|H2|) and (|H3|) when 6 is small enough. Indeed, for u G R p (D), we have 
\\M\p > \\M\p-\\a-a\\ oo\\u\\p > (c — <5)||u||p, and l|H3|) is proven similarly. Moreover, the 
R-bisectoriality of DA implies the same property for DA by a Neumann series argument, as 

/ + itDA = L + itDA - itD(A - A) = (7 + itDA)[L - (L + itDAy x itD(A - A)], 

where the family {(/ + itDA)~ 1 itD : t G R} is R-bounded (by duality, (fH3|) . and the R- 
bisectoriality of DA), and the factor \\A — A\\oo < S ensures convergence for S small enough. 
The H 00 calculus then follows from part ([J) applied to A in place of A. □ 

9. LlPSCHITZ ESTIMATES 

In this final section, we prove Lipschitz estimates of the form 

||/(n B )« - /(n A )«|| p < max \\Ai - ^IUH/IUMIp, 

for small perturbations of the coefficient matrices involved in the Hodge-Dirac operators. Such 
estimates are obtained via holomorphic dependence results for perturbations B z depending on a 
complex parameter z. This technique can be seen as one of the original motivations for studying 
the Kato problem for operators with complex coefficients. We start with the operators studied in 
Corollary l8.17l and then deduce similar estimates for general Hodge-Dirac operators with variable 
coefficients, as in O Section 10.1]. 

Let D be a first order differential operator as in Corollary 18.171 Let U be an open set of C 
and (A z ) z£ u a family of multiplication operators such that the map z t— > A z G Jv°°(R n ;C ) is 
holomorphic. Let 1 < p\ < P2 < oo, z G U, and assume that DA Z0 has a bounded H°° functional 
calculus in LP for all p G (pi,P2)- By Corollary I8.17| for each p G (pi,P2), there then exists a 
S = dp > such that DA Z has a bounded H°° functional calculus in LP for all z G B(zq,5). 
Moreover, we have the following. 

9.1. Proposition. For 6 G (/x, an d f G H°°(Sg), the function z ► f(DA z ) is holomorphic on 

D(zo,S). 
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Proof. This is entirely similar to [101 Theorem 6.1, Theorem 6.4]. Letting reC\S fl ,we have 

^-(7 + tDAz)- 1 = -(I + tDA z )- 1 tDA' z {I + tDA z )-\ 

From IjHip . 1|H3[) and the bisectoriality of DA Z , these operators are uniformly bounded for z £ U, 
and thus the functions z i— > (I + tDA z )~ 1 are holomorphic. The result is then obtained by passing 
to uniform limits in the strong operator toplogy. □ 

The Lipschitz estimates now follow. 

9.2. Corollary. Let 1 < p\ < pi < oo, let D be a first order differential operator, and A € 
L°°(R n ; C ) a multiplication operator which satisfy the hypotheses l|Hlj) . (jH2|) and (jH3|l o/ Corol- 
lary \8.1'A Let moreover DA be R-bisectorial. Then, for each p G (pi,P2), there exists S = S p > 
such that, if A & i°°(R™;C A ') satisfies \\A — A||oo < S, then DA has a bounded H°° functional 
calculus in L p with some angle uj G (0, §), and for G (w, ■§), / G H°°(S0), and u € L p we have 

\\f(DA)u - f(DA)u\\ p < \\A - i|joo|m|oc|M| p . 

Proof. Let A z := A + z(A - A)/\\A - A||oo. Then A = A, A Zl = A for z\ = \\A - A\\oo, and 
z i— > A z is holomorphic. For z G 10(0,(5), where (5 is small enough, DA Z has a bounded H°° 
functional calculus in LP by Corollary 18.171 and z i— > f(DA z ) is holomorphic for / G H°°(Sg) by 
Proposition 19. II By the Schwarz Lemma, 

||/(£Mo)u - /PA*>|| P < ki| H/lloollullp, 
which gives the assertion. □ 

We finally turn to the Lipschitz estimates for Hodge-Dirac operators with variable coefficients, 
using the same approach as in [3l Section 10.1]. 

9.3. Corollary. Let 1 < p\ < pi < oo, and let Ha and Tl A be Hodge-Dirac operators with variable 
coefficients, where Ha is R-bisectorial in L p and Hodge-decomposes L p for all p G (^1,^2). Then, 
for each p G (pi,p2), there exists 5 — <5 P > such that, if Hb and Tl B are also Hodge-Dirac 
operators with variable coefficients with — Bi||oo + ||-<4.2 — -B2II00 < <5> then bothHA andHs have 
a bounded H°° functional calculus with some angle lu G (0, 5), and for 9 G (u>, 5), / G H (x '(Ss), 
and u G L p there holds 

\\f{n A )u - f{Jl B )u\\ p < max \\Ai - Si||oo||/||ool|ti||„. 

Proof. The philosophy of the proof is analogous to that of Corollary 18 . 1 71 but goes in the opposite 
direction: we now deduce results for operators of the form Ha from what we already know for the 
operators DA. To this end, consider the space L p © L p © L p and the operators 
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Let us write Pq , Pp and P4 A for the Hodge-projections associated to IFa- By 1|B2|1 . the re- 
striction A\ : Rp(T) — > R p (Ta) is an isomorphism, and we write A^f 1 for its inverse. Then a 
computation shows that 



Ai X V* A {I + t 2 H 2 A )- 1 A 1 -it1A 2 {I + t 2 U A )~ 

-itr(L + t 2 n 2 A )' 1 A 1 p^i + ^iri)- 1 

and one can check that the R-bisectoriality and the Hodge-decomposition of imply the R- 
bisectoriality of DA. Indeed, for the diagonal elements above it is immediate, and for the non- 
diagonal elements it follows after writing "IA 2 = A± lr I A = A^P^JIa and F = P^n^. 
We next define operators S A ■ L p -> LP © D> © LP and T A : LP © L p © L p -> LP by 

S A u:= {P^u,A^V4 a u,V^u), 

T a {u, v, w) := PqU + Pfiw + P^ A Aiv. 
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One checks that TaSa = I and Sa^a = (DA)Sa- Hence <SU(A — Ha) 1 = (A — DA) x Sa, and 
then by the definition of the functional calculus, 

f(ILA)u = T A f(DA)S A u, feH°°(S e ), u^U>. 

We repeat the above definitions and observations with B in place of A, and then 

f(U A )u - f(U B )u = [T A - T B ]f(DA)S A u + T B [f(DA) - f(DB)]S A u + T B f(DB)[S A - S B ]u. 

The asserted Lipschitz estimate then follows by using Corollary 19.21 for the middle term, and 
Proposition 16. 101 and Corollary 16. lll for the other two terms. □ 
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